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Abstract. Mathematical model and predictions of solid-liquid turbulent flow with medium particles and high solids concentration, which appears widely in chemical and mining industry, is presented. Physical model assumes that slurry is flowing through a straight pipe and contains solid particles surrounded by water as a carrier liquid. Averaged solid particle diameter can vary from 0.1 mm to 0.8 mm. Experiments in vertical up-ward flow of such slurries clearly indicated that for averaged solid particle diameter about 0.5 mm there exist enhanced damping of turbulence as frictional head loss is below that for water flow. Author proposed a new turbulence damping function which together with two-equation turbulence model and momentum equation is suitable to predict pseudo-homogeneous slurry flow with moderate and high solids concentration. The paper proves that standard turbulence damping function is not adequate to predict such slurry flow. The main objective of the paper is to present the mathematical model suitable to predict frictional head loss in pseudo-homogeneous slurry flow which exhibits enhanced damping of turbulence. Numerical predictions are compared with own and other measurements showing good accuracy. Turbulence damping which is especially important close to the pipe wall is discussed. 
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NOTATION
AS
– constant in the turbulence damping function

Ci
– constant in Launder and Sharma turbulence model, i=1, 2 

CV
– solids concentration (volume fraction of solids averaged in cross section), %

d/D
– averaged solid particle diameter, mm and inner pipe diameter, m 

f
– turbulence damping function

k
– kinetic energy of turbulence, m2/s2
p
– static pressure, Pa
Re
– Reynolds number
r
– distance from symmetry axis, m

U
– velocity component in ox direction, m/s

u’v’
– component of turbulent stress tensor, m/s

x
– coordinate of main flow direction, m

¯
– time averaged 
GREEK SYMBOLS


– rate of dissipation of kinetic energy of turbulence, m2/s3

– dynamic viscosity coefficient, Pa∙s


– kinematic viscosity coefficient, m2/s

– density, kg/m3

(i– diffusion coefficients in k– turbulence model i = k, 


– shear stress, Pa

INDEXES

b
– bulk

L
– liquid

m
– slurry (solid-liquid mixture)
P
– solid particle / solid phase
t
– turbulent
1. INTRODUCTION

Solid-liquid turbulent flow is an interdisciplinary research area with great technological and commercial importance. Slurry flow mainly appears in transport by pumps in various pipeline systems. When predicting frictional head loss of slurry flow with coarse or medium solid particles, it is reasonable to assume the Newtonian model, as now one can measure rheology in such slurries, (Shook and Roco, 1991). In coarse dispersive slurry flow one should mention basic researches of Bagnold, (1954) and recent mathematical models of Talmon, (2013), and Bartosik, (2010), which include solid-liquid and/or solid-solid interactions. 

Non(settling slurries contain fine particles and can form stable homogeneous mixture exhibiting increased apparent viscosity. Such slurries usually exhibit yield stress and require proper rheological model incorporated into the momentum equation. Those with very fine particles demonstrate increased viscous sublayer, which means that damping of turbulence appears in the near-wall region. In this case a mathematical model which includes apparent viscosity concept, and suitable rheological model, and properly defined wall damping function are required, (Wilson and Thomas, 1985), (Bartosik, 2008, 2009, 2010). 
Slurries with medium solid particles of averaged diameter between 0.1 mm and 0.8 mm are usually classified as Newtonian solid-liquid mixtures or as mixtures of two separated phases. If slurry flow exists in a vertical pipeline the distribution of solids across a pipe is pseudo-homogeneous and it is reasonable to assume that the flow is pseudo-homogeneous and axially symmetrical. If horizontal pipeline is considered slurry can exhibit non-settling type if slurry bulk velocity is sufficiently high, so assumption about pseudo-homogeneity could be acceptable. 
Mathematical modelling of solid-liquid flow is far away from the knowledge gathered from Newtonian flows and the turbulent slurry flow is still the main challenge of computational fluid dynamics. It has been the attempt of researchers around the world to develop accurate models for frictional head loss and velocity distribution in slurry flows. Frictional head loss is important technical parameter to be evaluated by the designers for designing a pipeline slurry transportation system, and the parameter which dictates the selection of pump capacity. 
The main objective of the paper is to validate the mathematical model for prediction of frictional head loss in pseudo-homogeneous slurry flow with which exhibits enhanced damping of turbulence.
2. LITERATURE REVIEW

Influence of solid particle on turbulence in a slurry flow has been investigated experimentally by several researchers. Nasr-El-Din et al., (1987), Sumner, (1992), and Eskin and Miller, (2008), measured solids concentration distribution in slurry flow containing medium and coarse particles. They concluded that averaged particle diameter has a crucial influence on distribution of solids concentration across a pipe. If solid particles are coarse the solids concentration distribution decreases towards a pipe wall. 

Turbulence in slurry flow was examined for instance by Nouri and Whitelaw, (1992), Schreck and Kleis, (1993), and Chen and Kadambi, (1995) in the region close to a pipe wall. As a consequence of measurement difficulties their maximum solids concentration was equal to 25% by volume. Researchers concluded that ejection(sweep cycle is affected strongly by particles. They concluded that slip velocity decreases with solids concentration increase. 

Sundaresan et al., (2003), outlined a number of scientific challenges which represent building blocks for the comprehensive understanding of disperse flows encountered in a variety of technologies and in nature. Researchers concluded that new experiments and analyses are needed to cast light on the important phenomena that cause turbulence damping or generation. Authors suggested that the experiments should be conducted in simple turbulent flows such as fully developed flow, grid turbulence, or simple axially symmetrical flows. Regardless of geometry, experiments must include a wide range of particle parameters in a single fixed facility. Their conclusions are still outstanding in mathematical modelling of slurry flows and especially for medium and coarse particles with moderate and high solids concentration.
3. PHYSICAL AND MATHEMATICAL MODEL

Physical model assumes that slurry comprises medium solid particles with averaged solid particle diameter d=(0.125; 0.471; 0.780) mm and water as a carrier liquid. All solid particles are rounded and narrowly sized. The solid particles density is P=2440 kg/m3 for Canasphere and 2650 kg/m3 for Sand. The solids concentration is CV=30% by volume. The slurry flows in a straight pipe with sufficiently high bulk velocity, so the flow can be treated as non-settling and pseudo-homogeneous. The slurry flow is stationary, turbulent, fully developed and axially symmetrical. To fulfil such assumptions it is obvious that such flow should be in a vertical pipeline rather. Therefore experimental data of vertical flows were used in order to validate the mathematical model. However, in order to analyse if there is turbulence damping it was convenient to convert experimental data of frictional head loss of vertical flow into data for horizontal flow.  
As no one can measure rheology in such aforementioned slurry, it is assumed that slurry viscosity is equal to the carrier liquid viscosity while the slurry density depends on solids concentration and is calculated as follows:
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The starting point of building mathematical model is the Navier-Stokes equation. Taking into account the physical model the time-averaged Navier-Stokes equation, written in cylindrical co-ordinates, can be described for horizontal flow as follows:
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(2)
The component of the turbulent stress tensor, which appears in equation (2), is designated by Boussinesque hypothesis, as follows:
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(3)
The turbulent viscosity, stated in equation (3), is designated with support of dimensionless analysis, as follows, (Launder and Sharma, 1974):  
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The kinetic energy of turbulence and its dissipation rate, which appeared in equations (2)-(4), are delivered from the Navier-Stokes equation. For the aforementioned assumptions final forms of k and  equations, are following: 

· equation for the kinetic energy of turbulence:
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(5)
· equation for the dissipation rate of the kinetic energy of  turbulence:
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 (6)

The turbulent Reynolds number, which appeared in equation (6), is defined using dimensionless analysis, as follows:
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The crucial point in the above turbulence model is proper determining of turbulence damping function (f) which exists in equation (4). The function is also known as the wall damping function. The function is an empirical function and achieve low values at a pipe wall. This causes decrease of turbulent viscosity and in consequence decrease of the turbulent stress tensor component, described by equation (3). 

Launder and Sharma, (1974) proposed following empirical function for Newtonian flow, called further the standard turbulence damping function:
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Author proposed a new turbulence damping function for slurry flow, which exhibits enhanced damping of turbulence, (Bartosik, 2011). The new turbulence damping function includes averaged particles diameter (d) and solids concentration (CV). The new turbulence damping function is proposed as follows: 
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(9)

where AS is an empirical constant, which was found for medium slurry as equal to 100.  
Equation (9) describes the new turbulence damping function and demonstrates that averaged solid particle diameter plays primarily role in damping of turbulence, while the solids concentration plays a secondary role. The new turbulence damping function was developed on the basis of comparison between numerical predictions and measurements of global parameters in various slurry flows for comprehensive range of averaged solid particle diameters d=(0.125; 0.240, 0.471, 0.780) mm and solids concentration. The new turbulence damping function (9), compared to the standard function (8), demonstrate increased turbulence damping. The new empirical function (f), described by (9), approaches the standard turbulence damping function, described by (8), if solids concentration or averaged particle diameter goes to zero. This is in accordance with our expectation as the mathematical model should be suitable to single phase flow if d=0 and/or CV=0%. 

Finally, the mathematical model of pseudo-homogeneous slurry flow with medium solid particles of diameters from 0.1 mm to 0.8 mm comprises three partial differential equations, namely (2), (5) and (6), together with complimentary equations (1), (3), (4), (7), and (9). 

Numerical calculations were performed for chosen values of dp/dx. Constants in the turbulence model are the same as those in the Launder and Sharma, (1974) turbulence model for Newtonian flow: C1=1.44; C2=1.92; (k=1.0; (=1.3. Introduced the new coefficient in the turbulence damping function was found to be AS=100. The mathematical model assumes non slip velocity at the pipe wall, i.e. U=0, and k=0, and =0. Axially symmetrical conditions were applied at the pipe centre, therefore dU/dr=0, dk/dr=0, and d/dr=0. 
4. NUMERICAL VALIDATION

Experimental data of turbulent slurry flow with medium solid particles of averaged diameter from 0.125 mm to 0.780 mm demonstrate that frictional head loss significantly depends on averaged particle size and solids concentration. In order to predict frictional head loss in such slurry flow the mathematical model, which includes the new turbulence damping function, was applied. 

With a view to proving that the mathematical model works well the predictions were compared with measurements of slurry frictional head loss for two different types of solid particles, named Canasphere and Sand. Solid particles density of Canasphere and Sand are P=2440 kg/m3, and P=2650 kg/m3, respectively. It must be emphasised however that experimental data were done for vertical up-ward flow (Bartosik and Shook, 1991), (Sumner, 1992). In order to fulfil assumptions of the physical model that turbulent pipeline flow is pseudo-homogeneous and axially-symmetrical, and also to analyse if there is turbulence damping, the experimental data of frictional head loss were converted into data for horizontal flow. The predictions were performed for horizontal turbulent slurry flow for solids concentration 30% by volume. The solids concentration equal to 30% by volume was chosen as it demonstrates significant reduction of turbulence. 
In order to emphasise the importance of turbulence damping function for predictions of frictional head loss the numerical computations, using the New and the Standard turbulence damping functions, were performed. 
Fig. 1 demonstrates experiments of Shook and Bartosik, (1991) and predictions of the frictional head loss using two different turbulence damping functions, named the Standard (Std.) and the New (New). In such a case computations using both turbulence damping functions gave almost the same results and they are matching well measurements. Experiments and predictions presented in Fig. 1 show that slurry frictional head loss is higher comparing to water flow. In such a case density of slurry is equal to m=1430 kg/m3. Neglecting changes of viscosity we expect that the slurry frictional head loss should be proportional to slurry density. So, assuming that the slurry density is almost 1.43 times higher comparing to carrier liquid density (L=997.1 kg/m3) we expect that slurry frictional head loss should be about 1.43 times higher too. However, in the case presented in Fig. 1, the frictional head loss is about 1.2 times higher comparing to water flow. In such a case we can indirectly conclude that turbulence damping exists.
It is interesting to analyse data presented in Fig. 2 for sand slurry with averaged particle diameter d=0.471 mm and solids concentration CV=30%. Firstly, because measured frictional head loss is below that for water flow although the solids concentration is high and equal to 30% by volume (m=1493 kg/m3). Secondly, it is evident that using the standard turbulence damping function for prediction of slurry flow with averaged particle diameter around 0.5 mm is unacceptable. In this particular case we expect that frictional head loss of sand slurry should be about 50% higher comparing to water flow while it is below values for water. Experimental data of Sumner (1992), which are converted from vertical to horizontal flow, presented in Fig.2, clearly indicate that enhanced damping of turbulence takes play and it is much higher comparing to data presented in Fig. 1.  It is also seen in Fig. 2 that predictions of the frictional head loss with the new turbulence damping function are matching well experimental data. 
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Fig.1. Predictions and experiments of frictional head loss for Canasphere slurry and for water flow; D=0.026  m, d=0.125 mm, CV=30%, P=2440 kg/m3, L=0.0008941 Pa s
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Fig. 2. Predictions and experiments of frictional head loss for Sand slurry and for water flow, D=0.026 m, d=0.471 mm, CV=30%, P=2650 kg/m3, L=0.0008941 Pa s
If averaged solid particle diameter increases from d=0.471 mm to d=0.780 mm at the same solids concentration (CV=30%) the turbulence damping process is less pronounced, which Fig. 3 shows. It is seen in Fig. 3 as well that measured frictional head loss is slightly higher comparing to water flow. However, we expect again that for slurry flow with density equal to 1493 kg/m3 (CV=30%) the frictional head loss should be much higher than it is. Therefore, one can conclude that enhanced turbulence damping appears in this case again, however, it is less pronounced comparing to slurry flow with averaged particle diameter d=0.471 mm. 
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Fig. 3. Predictions and experiments of frictional head loss for Sand slurry and for water flow; D=0.026  m, d=0.780 mm, CV=30%, P=2650 kg/m3, L=0.0008941 Pa s
If averaged solid particle diameter equal to 0.780 mm is considered it is seen again that predictions of slurry frictional head loss with the standard turbulence damping function, described by (8), comparing to measurements of Sumner, (1992), give too high wall shear stress, which Fig. 3 presents. In this particular case predicted frictional head loss with the standard turbulence damping function is almost 50% higher in comparison with measurements. However, predictions with the new turbulence damping function give good agreement with measurements. Nevertheless, for bulk velocities below 2 m/s predictions with the new turbulence damping function are below experimental data. This can be due to the fact that for such low bulk velocities the slurry flow is not pseudo-homogeneous as model assumes. 

Taking into account aforementioned data one can conclude that if averaged solid particle diameter increases from d=0.125 mm to 0.471 mm the damping of turbulence increases causing that frictional head loss is decreasing. If averaged solid particle diameter increases from d=0.471 mm to d=0.780mm the damping of turbulence still exists but its importance is decreasing. Experiments proved that for slurries with averaged particle diameters between 0.1 mm and 0.8 mm the minimum value of frictional head loss exists. The minimum value of frictional head loss appears for d≈ 0.5 mm. 
The frictional head loss of slurry flow, with d=0.471 mm and CV=30%, is significantly below that for carrier liquid flow. In such a case one can say that enhanced turbulence damping plays a crucial role. Such phenomenon is included in the mathematical model by taking into account the new turbulence damping function. 
Comparison of predictions with measurements confirmed that the mathematical model which includes the new turbulence damping function depending on (d) and (CV), is suitable to predict frictional head loss of pseudo-homogeneous slurry flow with averaged solid particle diameters from d=0.125 mm to d=0.780 mm and for solids concentration 30% by volume. The same mathematical model gave good results for high solids concentration equal to 40% by volume, although the level of turbulence damping is less pronounced, (Bartosik, 2011). 

5. DISCUSSION AND CONCLUSIONS

If solid particles submerged in water are sufficiently fine a slurry flow usually exhibits non-Newtonian behaviour which requires inclusion of proper rheological model into the mathematical model. If solid particles are sufficiently coarse, the mathematical model requires additional terms due to particle-particle and/or particle-liquid interactions.
The paper demonstrates that in pseudo-homogeneous slurry flow with medium solid particles influence of such parameters, like: averaged solid particle diameter, and solids concentration on prediction of frictional head loss is very important. Measurements for vertical up-ward pipe flow, converted into horizontal flow, clearly indicated that for slurry flow with d≈ 0.5 mm the frictional head loss has a minimum value, depending on CV, and is similar or below data for carrier liquid flow. For averaged solid particle diameters, which are below or above 0.5 mm the frictional head loss is higher than it is for carrier liquid flow, however, not so much as we are expecting. 

When a slurry flow with medium and coarse solid particles is considered, there is evidence in the literature that solids concentration decreases towards the pipe wall, (Sumner, 1992). This is mainly caused by lift forces, which act from the wall towards symmetry axis. Such forces cause that contact of solid particles with a pipe wall is less intensive. It is also known that presence of solid particles in a carrier liquid phase can reduce the level of turbulence. Unfortunately, there is no simple expression in literature which can resolve whether there is an increase or damping of turbulence. 

It was demonstrated in the paper that the mathematical model, which uses the standard turbulence damping function, is not suitable to predict pseudo-homogeneous slurry flow with medium solid particles. However, it was proved as well that using the new turbulence damping function, depending on averaged solid particle diameter and solids concentration is suitable to predict frictional head loss in slurry flow if averaged solid particle diameter is in the range between 0.1 mm and 0.8 mm. 
Concluding one can say that possible reason of increased damping of turbulence in medium slurry flow could be existence of lift forces which are pushing particles away from the pipe wall. The second possible reason of ‘damping of turbulence” could be the influence of solid particles on increasing time interval of ‘bursting phenomena’. The bursting phenomenon is responsible for increase of friction in the slurry flow. So, increasing the time interval between succeeding bursting will result in friction reduction.
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